A STOCHASTIC MODEL OF LANGUAGE CHANGE
THROUGH SOCIAL STRUCTURE AND
PREDICTION-DRIVEN INSTABILITY
W. GARRETT MITCHENER
Abstract. We develop a new stochastic model of language learning and change that incorporates variable speech and age structure.
Children detect correlations between age and speech, predict how
the language is changing, and speak according to that prediction.
Although the population tends to be dominated by one idealized
grammar or another, the learning process amplifies chance correlation between age and speech, generating prediction-driven instability and spontaneous language change. The model is formulated
as a Markov chain, and a stochastic differential equation. It exhibits the abrupt monotonic shifts among equilibria characteristic
of language changes. Fundamental results are proved.

1. The paradox of language change
Language has both discrete and continuous characteristics. On the
discrete side, most sentences are clearly either grammatical or ungrammatical. An idealized grammar is a formalism that identifies correct
utterances, and much of the research on how children acquire their native language focuses on how they might choose an idealized grammar
from many innate possibilities on the basis of example sentences from
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the surrounding society [1, 27, 28]. Many models of child language
acquisition operate on a discrete space of idealized grammars more or
less as follows: The learner holds one hypothesis at a time, changes
it in response to example sentences, and in the end chooses a single
idealized grammar [2, 3, 6, 7, 9, 10, 17–20, 22–26, 28]. Often the input
is assumed to be from a single idealized grammar, with no noisy or
incorrect utterances.
From the perspective of idealized grammar, language change is paradoxical: Children acquire their native language accurately, yet over
time, the language can change. Previously unacceptable sentences become grammatical, and other constructions fall out of use and become
ungrammatical. English word order has changed drastically over the
centuries, for example. Some changes may be attributed to an external
event, such as political upheaval, but not every instance of language
change seems to have an external cause.
An alternative perspective that can resolve the language change
paradox is to approach grammaticality continuously: Utterances can
fall along a range from clearly correct to clearly incorrect, and may be
classified as more or less archaic or innovative. Such an approach can
consider the variation present in natural speech [12, 13]. For example,
in a corpus of late Middle and early Modern English, each manuscript
uses a combination of verb-raising syntax and do-support syntax in
forming questions and negative statements[11, 29]:
(1)

Know you what time it is? (verb raising)

(2)

Do you know what time it is? (do-support)
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(3)

I know not what time it is. (verb raising)

(4)

I don’t know what time it is. (do-support)

3

The speech pattern of such an individual can be described by a stochastic grammar, that is, a collection of similar idealized grammars,
each of which is used randomly at a particular rate. Over time, the
usage rate of verb-raising syntax gradually dropped to zero among all
speakers, and do-support usage rate increased to 100%.
From this continuous perspective, language change is no longer a
paradox, but acquisition requires more than selecting a single idealized
grammar compatible with the community’s speech. Instead, children
must learn multiple idealized grammars, plus the usage rates and whatever conditions affect them.
Despite their variability, languages maintain considerable short-term
stability and consistently accept and reject large classes of sentences
for centuries. A challenge for modeling language learning and use is to
capture this meta-stability.
As we will see in Section 2, a mean-field model in which children learn
from the entire population equally does not lead to spontaneous change,
even in the presence of random variation. However, Section 3 describes
an improved model, in which children can detect age-correlated patterns in variation. When subject to random fluctuations, this model
does exhibit meta-stability. The population tends to hover near a state
where one idealized grammar is highly preferred. However, children occasionally detect accidental correlations between age and speech, predict that the population is about to undergo a language change, and
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accelerate the change. This feature is called prediction-driven instability.
Once the age-structure model is formulated with a finite population
as a discrete Markov chain, we will consider the limit of an infinitely
large population and reformulate it as a martingale problem. Focusing
on a low dimensional case, we will rewrite it as a system of stochastic
differential equations (SDEs), show that it has a unique solution for
all initial values, and show that paths of the Markov chain converge
weakly to solutions of the SDEs.

2. An unstructured mean-field model
2.1. An ordinary differential equation. Let us suppose, for the
sake of simplicity, that individuals have the choice between two similar idealized grammars G1 and G2 . Each simulated agent uses G2 in
forming an individual-specific fraction of spoken sentences, and G1 in
forming the rest. Assume that children are always able to acquire both
idealized grammars and the only challenge is learning the usage rates.
Consider a continuous mean-field model, that is, an infinitely large
unstructured population, in which children learn from all individuals
equally and therefore hear essentially the mean usage rate of G2 . Using
a time scale under which the birth rate is 1, the simplest populationlearning model for m(t) = the time-dependent mean usage rate of G2
in the population is
(5)

ṁ = q(m) − m
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where the learning function q(m) is the mean usage rate of children
learning from a population with a mean rate m. The q(m) term represents birth and learning, and the −m term represents death. If learning were perfect, that is, children exactly reproduced the population’s
average usage rates, then q would be the identity function. Instead,
the learning function must be S-shaped to ensure that there are two
stable equilibrium states, representing populations dominated by one
grammar or the other. The phase portrait of (5) will then consist
of two stable fixed points separated by an unstable fixed point, as in
Figure 1. In general, q is assumed to be strictly increasing, twice continuously differentiable, with one inflection point, and 0 < q(0) < 1/4
and 3/4 < q(1) < 1.
For the rest of the paper, all pictures and calculations will be based
on the specific learning function
(6)

1
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Its graph is shown in Figure 1. This particular function is slightly asymmetric so that pictures in this paper will not exhibit atypical symmetry.
This curved learning function means that the more commonly used
idealized grammar becomes even more commonly used, until the other
grammar all but disappears. This tendency is in agreement with the
observation that children regularize a language: A growing body of
evidence [8] indicates that for the task of learning a language with
multiple ways to say something, adults tend to use all the options and
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Figure 1. A plot of q(m) from (6) as a function of m,
and the phase portrait of m from (5).
match the usage rates in the given data, but children prefer to pick one
option and stick with it.
The dynamical system (5) is too simple to model ongoing language
change. It is deterministic and one-dimensional, so there is no way for
the population to spontaneously switch grammars.
2.2. A Markov chain. To add the possibility of a language change,
we reformulate the model as a Markov chain, thereby adding random
fluctuations. We assume that the population consists of N adults, each
of which is one of K + 1 types, numbered 0 to K, where type k means
that the individual uses G2 at a rate k/K. The state of the chain at
step j is a vector A where An (j) is the state of the n-th agent. We also
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define a count vector C where Ck (t) is the number of agents of type k,
Ck (j) =

X

1 (An (j) = k) .

n

Dividing the count vector by the population size yields the distribution
vector Z = C/N such that an agent selected at random from the
population uniformly at time j is of type k with probability Zk (j).
The mean usage rate of G2 at step j is therefore
(7)

M (j) =


K 
X
k
k=0

K

Zk (j)

The transition process from step j to j + 1 is as follows. Two parameters are required, a birth-and-death rate rD and a resampling rate rR .
Either the count vector C(j) or the distribution vector Z(j) suffices to
represent the state of the chain, but it is simpler to state the transition
function in terms of what happens to each individual agent:
• With probability pD = rD /N it is removed to simulate death.
• With probability rR it is resampled.
• With probability 1 − pD − rR it is unchanged.
Each time step is interpreted as 1/N years. The lifespan of an individual in time steps has a geometric distribution with parameter pD . The
average life span is therefore 1/pD time steps or 1/rD years.
When an agent dies, a replacement agent is created and its type is
selected at random based on a discrete distribution vector Q(M (j)).
That is, Qk (m) is the probability that a child learning from a population with mean usage rate m is of type k, and therefore uses G2 at rate
k/K. For the purposes of this article, Q(m) will be the mass function
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for a binomial distribution with parameters q(m) and K,
 
K
Qk (m) =
q(m)k (1 − q(m))K−k .
k
This Markov chain model maintains the mean-field assumption because
the population influences language acquisition only through the mean
usage rate of G2 .
When an agent is resampled, its new state is copied from another
agent picked uniformly at random. The average time an agent spends
between resamplings is 1/rR time steps. This feature of the transition
process incorporates the fact that as an adult, an individual’s language
is not entirely fixed. Furthermore, as will be seen in Section 3.2, without this resampling feature, the random fluctuations of the Markov
chain diminish to 0 in the limit as N → ∞, which would defeat the
purpose of developing a stochastic model.
It is possible, though unlikely, for all agents to die off and return to
state 0 in a single step. Therefore, this Markov chain is ergodic, meaning that it must visit every possible state eventually. It spends most
of its time hovering near an equilibrium dominated by one grammar or
the other, but it must eventually exhibit spontaneous language change
by switching to the other equilibrium.
However, computer experiments show that under this model, a population takes an enormous amount of time to switch dominant grammars.
See Figure 2 for a graph of the mean usage rate of G2 as a function of
time for a typical run of this Markov chain, which shows no sign of any
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Figure 2. A plot of the mean usage rate M (t) of G2
from a sample path of the basic Markov chain over 1000
years.

transition despite running for 1000 years. For this example, the population consists of 1000 agents, and the replacement rate is rD = 1/40.
Therefore, the mean lifespan of an agent is 40 years. The resampling
rate is rR = 0.0001. There are 6 types of agents, representing speech
patterns that use G2 for a fraction 0, 1/5, . . . , 1 of spoken sentences.
This model is therefore unsuitable for simulating language change
on historical time scales. A further undesirable property is that if a
population does manage to shift to an intermediate state, it is just
as likely to return to the original grammar as to complete the shift
to the other grammar. Historical studies [11, 30] show that language
changes typically run to completion monotonically and do not reverse
themselves partway through (but see [29] for some evidence to the
contrary), so again this model is unsuitable.
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3. An age-structured model
One way to remedy the weaknesses of these mean-field models is to
introduce social structure into the population. According to sociolinguistics, ongoing language change is reflected in variation, so there is
reason to believe children are aware of socially correlated speech variation and use it during acquisition [12].
There are many ways to formulate a socially structured population,
and not all formulations apply to all societies. For simplicity, we assume
that there are two age groups, roughly representing youth and their
parents, and that children can detect systematic differences in their
speech. We also assume that there are social forces leading children to
avoid sounding out-dated.
3.1. Adapting the mean-field Markov chain. Let us adapt the
Markov chain from Section 2 to include age structure. To represent the
population at time j, we let Un (j) be the state of the n-th youth and
Vn (j) be the state of the n-th parent. Define Ck (j) to be the number
of youth of type k, and define Dk (j) to be the number of parents of
type k. The total number of youth and the total number of parents
are fixed at N . We also assume that apart from age, children make no
distinction among individuals. Thus, they learn essentially from the
mean usage rates of the two generations,
MC (j) =



K 
X
k
Ck (j)
k=0

(8)
MD (j) =

K

N



K 
X
k
Dk (j)
k=0

K

N
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We have modified the mean-field assumption by expanding the influence of the population on a child to two aggregate quantities. The
modified transition process from time j to j + 1 is as follows. Each
adult is examined:
• With probability pD = rD /N it is removed to simulate death.
• With probability rR it is resampled from the adult population.
• With probability 1 − pD − rR it is unchanged.
Each youth is examined:
• With probability pD = rD /N it is removed to simulate aging.
• With probability pR = rR /N it is resampled from the youth
population.
• With probability 1 − pD − pR it is unchanged.
Each time step is interpreted as 1/N years. The number of time steps
spent by an individual in each age group has a geometric distribution
with parameter pD . The average time spent as an adult and as a youth
is therefore 1/pD time steps or 1/rD years, so the average life span is
now 2/rD .
When an agent is resampled, its new state is copied from another
agent from the same generation selected uniformly at random. As before, resampling leaves the mean behavior unchanged while introducing
volatility.
When an adult is removed, a new adult is created by copying a youth
at random. When a youth ages, a new youth is created based on the
discrete probability vector R(MC (t), MD (t)). Here, R(x, y) represents
the acquisition process, together with prediction: Children hear that
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the younger generation uses G2 at a rate x, and the older generation
uses a rate y. Based on x and y and any trend those numbers indicate,
they predict a rate that their generation should use, and learn based on
that predicted target value. Let the prediction be given by a function
r(x, y) that is increasing with respect to x, decreasing with respect to
y, and satisfies x < y implies r(x, y) < x and x > y implies r(x, y) >
x. Then, our assumptions on learning based on prediction can be
incorporated into the mathematics by setting R(x, y) = Q(r(x, y)).
For a specific example, let us consider a population of 1000 agents,
500 in each age group, with a replacement rate of rD = 1/20. Therefore,
the mean lifespan of an agent is 40 years. The resampling rate is
rR = 0.0001. There are 6 types of agents, representing speech patterns
that use G2 for a fraction 0, 1/5, . . . , 1 of spoken sentences. The learning
distribution Q(m) is a binomial distribution with parameters q(m) and
5. The prediction function r(x, y) is based on an exponential sigmoid,
as in Figure 3. Given σ(t) = 1/(1 + exp(−t)), define t1 = σ −1 (x) and
t2 = σ −1 (y). Then h = t1 − t2 is a measure of the trend between the
generations. A scale factor α is applied to h, and the scaled trend is
added to t1 . After some simplification,
r(u, v) = σ(t1 + αh)
(9)

=
1+

1


1−x α+1
x

y
1−y

α

For the example calculations in this paper, α = 3. The behavior of r at
the boundaries of the phase space will be important later in the paper.
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Figure 3. An illustration of the prediction function r.
Since r is a rational function, the following results follow immediately:
∀y ∈ (0, 1)
(10)
∀x ∈ (0, 1)

lim r(x, y) = 0 and lim r(x, y) = 1

x→0

x→1

lim r(x, y) = 1 and lim r(x, y) = 0

y→0

y→1

This means that r is discontinuous only at the corners x = y = 0 and
x = y = 1.
This model turns out to exhibit the desired properties. The population can spontaneously change from one language to the other and
back within a reasonable amount of time, and once initiated the change
runs to completion without turning back. See Figure 4 for a graph of
the mean usage rate of G2 among the younger age group as a function
of time for a typical run of this Markov chain.

3.2. Diffusion limit. To better understand why spontaneous change
happens in this model, we approximate the Markov chain by a continuous time stochastic process governing the speech distributions X =
C/N and Y = D/N of the younger and older generations. In the limit
as the population size N increases without bound, the Markov chain
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Figure 4. Trajectory of the mean usage rate MC (t) of
G2 in the young generation from a sample path of the
age-structured Markov chain. Left: The path from time
0 to 1000 years, showing several changes between G1
(low) and G2 (high). Right: The path from time 175
to 300 years, showing a single grammar change.
(X(j), Y (j)) ought to converge to the solution (ξ(t), ζ(t)) of a martingale problem. To formulate it, we must calculate the infinitesimal drift
and covariance functions.

3.2.1. Some helpful definitions. To reduce notational clutter in this
subsection, all time-dependent quantities at time j will be written
without a time index, as in Un , Vn , Ck , Dk , Xk , and Yk . The learning distribution Q(r(MC , MD )) will be written as just Q with mean q.
Time-dependent quantities at time j + 1 will be written with a prime
mark, as in Un0 , Vn0 , Ck0 , Dk0 , Xk0 , and Yk0 . Expectations and variances
with a j subscript are conditioned on the information available at time
step j.

3.2.2. Infinitesimal mean and variance. Conditioning on time step j,
1 (Un0 = k) is a Bernoulli random variable that takes on the value 1
with probability g(n, k) = (1 − pD − rR )1 (Un = k) + pD Qk + rR Xk .
With this observation, the mean and variance of Ck0 conditioned on
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information known at time step j can be calculated as follows.
Ej (Ck0 ) =

X

g(n, k)

n

(11)

= (1 − pD )Ck + pD N Qk
Varj (Ck0 ) =

X

g(n, k) − g(n, k)2

n

= (1 − pD − rR )Ck + pD N Qk + rR N Xk
(12)

− (1 − pD − rR )2 Ck
− 2(1 − pD − rR )Ck (pD Qk + rR Xk )
− N (pD Qk + rR Xk )2

If h 6= k and m 6= n then for all j, 1 (Un (j) = k) 1 (Un (j) = h) = 0 and
Um (j) and Un (j) are independent. That implies
Covj (Ck0 , Ch0 ) =

X

Covj (1 (Un0 = k) , 1 (Un0 = h))

n

=−

X

g(n, k)g(n, h)

n

(13)

= − (1 − pD − rR )Ck (pD Qh + rR Xh )
+ (1 − pD − rR )Ch (pD Qk + rR Xk )
+ N (pD Qk + rR Xk )(pD Qh + rR Xh )

It follows that
Ej (Xk0 ) =
(14)

1
Ej (Ck )
N

= (1 − pD )Xk + pD Qk
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which can be rearranged into

(15)

Ej

Xk0 − Xk
1/N


= rD (Qk − Xk )

That gives the infinitesimal drift component for a martingale problem.
To get the infinitesimal covariance, we need a O (1/N ) approximation
of the covariance matrix for X.
1
Varj (Ck0 )
N2
 

1
1
2
2
(2rR − rR )(Xk − Xk ) + O
=
N
N2

Varj (Xk0 ) =
(16)

For the last equation, we need the fact that pD = rD /N = O (1/N ).

1
Covj (Ck0 , Ch0 )
N2
 

1
1
2
=−
(2rR − rR )Xk Xh + O
N
N2

Covj (Xk0 , Xh0 ) =
(17)

Similar drift and covariance formulas can be derived for Y in the same
way.
The infinitesimal drift and covariance functions are the leading terms
from the preceding approximations. As a further simplification, we can
rescale time by a factor of rD . This finally yields the infinitesimal drift
function
(18)

  

ξ
Q−ξ

b  = 
ζ
ξ−ζ
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and the infinitesimal covariance function


2
ξ − ξ1 −ξ1 ξ2 . . .
 1



.
.
 −ξ1 ξ2

0
.


 
 .

.


ξ
.

2


(19)
a
=ε 


ζ
ζ1 − ζ12 −ζ1 ζ2 . . .




...


0
−ζ1 ζ2




..
.
where
s
(20)

ε=

2
2rR − rR
=
rD

s

1 − (1 − rR )2
rD

Note that ξ0 and ζ0 are omitted from the dynamics because of the
population size constraint, that is,
ξ0 = 1 − ξ1 − · · · − ξK
ζ0 = 1 − ζ1 − · · · − ζK
Furthermore, if the resampling feature is removed by setting rD = 0,
then ε = 0 and the dynamics become deterministic. The resampling
feature can also be removed from just the older generation by zeroing
out the lower right quadrant of a, or from just the younger generation
by zeroing out the upper left quadrant.
Using the matrix square-root for example, is possible to find infini√
tesimal standard deviation functions σ such that σσ T = a and use σ
to write a system of stochastic differential equations for ξ and ζ. However, there does not seem to be any suitable σ with a simple closed
form.
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4. Theory for a 2-dimensional case
Rather than treat the full 2(K + 1) variable system, we will continue
by restricting our attention to the case of K = 1. That is, simulated
individuals use G2 exclusively or not at all, and X0 is the fraction of
the young generation that never uses G2 and X1 is the fraction that
always uses G2 . Since X0 + X1 = 1, it is only necessary to deal with
X1 . As a further simplification of the notation, an X with no subscript
will refer to X1 . Likewise, a Y with no subscript will refer to Y1 . The
learning process Q simplifies as well. The mean usage rates of G2
among the younger and older generations are X and Y respectively, so
Q1 = q(r(X, Y )) and Q0 = 1 − Q1 . The mean of a random number
distributed according to Q is Q1 .
The time associated with step j of the Markov chain is t = j/N , so
to properly express the convergence of the Markov chain to a process
in continuous time and space, we need the auxiliary processes X̄ and
Ȳ that map continuous time to discrete steps,
X̄(t) = X(bN tc)
(21)
Ȳ (t) = Y (bN tc)
The covariance function (19) reduces to a 2-by-2 diagonal matrix so it
has a very simple square-root. With these definitions, we claim

Proposition 1. Suppose (X̄(0), Ȳ (0)) converges to (ξ0 , ζ0 ) as N → ∞.
For sufficiently small ε > 0, the process (X̄(t), Ȳ (t)) converges weakly
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as N → ∞ to the solution (ξ(t), ζ(t)) of
p
dξ = (q(r(ξ, ζ)) − ξ)dt + ε ξ(1 − ξ)dB ξ
p
dζ = (ξ − ζ)dt + ε ζ(1 − ζ)dB ζ
(22)
ξ(0) = ξ0
ζ(0) = ζ0
where B ξ and B ζ are independent one-dimensional Brownian motions.

Proof. We will show that the results of Chapter 8 of Durrett [4] apply,
specifically theorem 7.1, which implies this result.
The first step is to verify that the step-to-step drift, variances, and
covariances of the Markov chain converge to the functions in the SDE
as the time step size 1/N goes to zero. The calculations (15), (16), and
(17) in Section 3.2 verify that these conditions (listed as (a), (b), and
(c) in [4] lemma 8.2) hold.
The remaining condition to check is Durrett’s hypothesis (A) for
theorem 7.1, which is that the martingale problem associated to (22) is
well posed. The proof, which forms the rest of this section, begins with
some observations about the deterministic dynamical system derived
by setting ε = 0. After a change of variables to move the system from
the square phase space (0, 1) × (0, 1) to R2 , standard results imply well
posedness.
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4.1. Deterministic limit. In the deterministic limit ε = 0, the SDE
(22) becomes
ξ˙ = q(r(ξ, ζ)) − ξ
(23)
ζ̇ = ξ − ζ
Intuitively, the phase space of this dynamical system is a square, and
it happens to have two stable equilibria representing populations where
both generations are dominated by one grammar or the other. Each
such equilibrium has a basin of attraction. The separatrix forming
the boundary between the two basins passes very close to the stable
equilibria. See Figure 5. Under the stochastic dynamics, the population
will hover near one equilibrium or the other, but a random fluctuation
may cause it to stray across the separatrix, where it will be blown
toward the other equilibrium.
Under these deterministic dynamics, the square phase space is a
trapping region. The vector field points inward all the way along the
boundary. With random fluctuations, it is more difficult to guarantee
that solutions stay within the phase space. In preparation for that
proof, we will sketch the null-clines and map out the edges of the phase
space. The ζ̇ null-cline is simply the diagonal line ξ = ζ. The ξ˙ nullcline is more complicated. The graph of the prediction function r(ξ, ζ)
is primarily a cliff along the line ξ = ζ. Composing with the learning
function q sharpens the cliff and moves the plateau down from 1 and
the floor up from 0. Thus, the plane given by the graph of (ξ, ζ) 7→ ξ is
slightly below the graph of q(r(ξ, ζ)) on the left edge and slightly below
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Figure 5. Phase portrait for (23). The crossed dot ⊕ is
a saddle point, the two dots • are sinks, and the dashed
curve is the separatrix between their basins of attraction.
The arrows indicate the direction of the vector field as
given by (23). The inset boxes show magnified pictures
of the areas around the sinks.
on the right, and it intersects with the cliff in a diagonal line, as shown
in Figure 6. This means that the ξ˙ null-cline, which lies under that
intersection, is a sharp zig-zag like a reversed N. A schematic diagram
of the two null-clines is shown in Figure 7 which makes the structure
of the vector field easier to see near the edges of the phase space.
4.2. Well-posedness of the SDE. The SDE (22) has pathwise-unique
strong solutions, as we will prove. This implies uniqueness in distribution [4, theorem 4.1 §5.4] which implies that the martingale problem is
well posed [4, theorem 4.5 §5.4].

22

W. GARRETT MITCHENER

Figure 6. The learning function q(r(ξ, ζ)) and the
plane given by the graph of (ξ, ζ) 7→ ξ.

Ζ

Ξ
Figure 7. Null-clines drawn schematically. Arrows indicate the vector field along the null-clines.
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Lemma 2. There is a number ε0 > 0 such that if ε < ε0 then the following holds: Given an initial condition (ξ, ζ) ∈ (0, 1) × (0, 1), the system
(22) has a pathwise-unique strong solution taking values in (0, 1)×(0, 1)
almost surely for all t ≥ 0.

Proof. We must deal with some details concerning the boundary of the
p
phase space. The semi-circle function x(1 − x) in the diffusion terms
is not Lipschitz continuous: At 0 and 1 the derivative is unbounded.
Furthermore, the prediction function r is discontinuous at two of the
corners. We therefore change variables so as to push the boundary of
the phase space off to infinity.
The new variables and their relationships to ξ and ζ are
u = 2ξ − 1, u ∈ (−1, 1)
v = 2ζ − 1, v ∈ (−1, 1)
(24)

u
, κ ∈ (−∞, ∞)
1 − u2
v
, λ ∈ (−∞, ∞)
λ= √
1 − v2
κ= √

This particular change of variables recenters the square phase space on
the origin and blows it up to occupy the whole plane. Applying Itō’s
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formula,


b1



z
}|
{


3
2
3/2
2
2

dκ = 
2(1 + κ ) (q(r(ξ, ζ)) − ξ) + 2 ε κ(1 + κ ) dt
σ

(25)

z
}|1
{
2 1/2
+ ε(1 + κ ) dB ξ


b
z
}|2
{


3 2
2 3/2
2 
2(1
+
λ
)
(ξ
−
ζ)
+
dλ = 
ε
λ(1
+
λ
)

 dt
2
σ

}|2
{
z
2 1/2
+ ε(1 + λ ) dB ζ
The change of variables from (ξ, ζ) to (κ, λ) is order-preserving in both
directions and maintains the general shape of the null-clines.
The standard theorem concerning the existence and uniqueness of
solutions [4, §5.3] requires the drift and standard deviation terms to
be locally Lipschitz. In this case, both are continuously differentiable
as functions of κ and λ, so they automatically satisfy a local Lipschitz
inequality.
The standard theorem also requires a growth constraint formulated
as follows. Define
(26)

β = 2κb1 + 2λb2 + σ12 + σ22 .

Then there must be a positive constant A such that for all κ and λ,
(27)

β < A(1 + κ2 + λ2 ).

LANGUAGE CHANGE THROUGH SOCIAL STRUCTURE

25

The difficulty is that β contains terms that grow like κ4 and λ4 . Luckily,
they turn out to be negative for sufficiently large κ and λ because the
vector field as in (23) points toward zero out on the edges of the (ξ, ζ)
phase space. To prove (27), we begin with the series
2 3/2

(1 + x )




3
3
−6
= |x| 1 + 2 + 4 + O x
2x
8x
3

and expand β into powers of κ and λ.
β4

}| 4
 {4
2
2
β = 4(q(r(ξ, ζ)) − ξ)(sgn κ) + 3ε κ + 4(ξ − ζ)(sgn λ) + 3ε λ
z

β2

}|
 {
+ 6(q(r(ξ, ζ)) − ξ)(sgn κ) + 4ε2 κ2 + 6(ξ − ζ)(sgn λ) + 4ε2 λ2
z

β0

z

+

}| 
{
3
3
(q(r(ξ, ζ)) − ξ)(sgn κ) + ε2 +
(ξ − ζ)(sgn λ) + ε2
2
2
β−2

z
 }|
{
+ O κ−2 + O λ−2 .
We begin with β4 . For each sector of the plane, a slightly different
argument guarantees that if ε is sufficiently small and κ and λ are
appropriately constrained, then β4 < 0. See Figure 8.
Northeast. In the northeast sector, marked NE, λ > κ > 0. Define
λN E such that the line segment from (0, λN E ) to (λN E , λN E ) lies above
the null-cline. Let −δN E be the maximum of q(r(ξ, ζ)) − ξ on that
line segment. Increasing ζ decreases r(ξ, ζ) which decreases q(r(ξ, ζ)),
so for all points in this northeast region, −δN E is an upper bound on
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ΚNW
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ΛNE

NE

NW
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0

0
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SE

SW

ΛS

S

ΚW

0

ΚSE

Figure 8. Regions of the plane for estimating β4 .

q(r(ξ, ζ)) − ξ. Also, ξ − ζ ≤ 0. Thus,
β4 < (−4δN E + 6ε2 )λ4 .
We therefore require
(28)

ε2 <

2δN E
.
3

Southwest. The southwest sector, marked SW, is handled similarly,
yielding the constraint
(29)

ε2 <

2δSW
.
3
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where δSW is the maximum of q(r(ξ, ζ)) − ξ on a line segment from
(λSW , λSW ) to (0, λSW ) that lies below the null-cline.
East. In the east sector, marked E, two sub-cases are required, one
where λ is large and a second where it is small. Let ζE = (q(1) + 1)/2
and ξE = (q(1) + 3)/4, and let λE and κE be the corresponding values
of λ and κ. Note that 1 > ξE > ζE > q(1).
For the sub-case of λ ≥ λE , we may use the fact that κ ≥ λ ≥ λE > 0
to get
β4 ≤ (4(q(1) − ζE ) + 6ε2 )κ4
≤ (−4(1 − q(1)) + 6ε2 )κ4 .
We therefore impose the constraint
ε2 <

(30)

2(1 − q(1))
3

so that β4 < 0.
For the sub-case 1/2 ≤ λ ≤ λE , the general fact that q(r(ξ, ζ)) ≤ q(1)
and the constraint κ ≥ κE > λE ≥ λ guarantee that
β4 ≤ (4(q(1) − ξE ) + 3ε2 )κ4 + (4(1 − ζE ) + 3ε2 )λ4E
≤ (−1 − 2q(1) + 6ε2 )κ4 .
We therefore impose the constraint
(31)
so that β4 < 0.

ε2 <

1 + 2q(1)
6
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West. The west sector, marked W, works out similarly, requiring
ε2 <

(32)

2q(0)
3

and
(33)

ε2 <

1 + 2(1 − q(0))
6

Southeast. For the southeast sector, marked SE, let ξSE = (q(1) +
3/4)/2 < q(1) and let κSE be the corresponding value of κ. The region
is defined by λ ≤ 0, and κ ≥ κSE . It follows that
 


1
2
β4 ≤ 4 q(1) + − 2ξSE + 6ε max{κ4 , λ4 }
2

< −1 + 6ε2 max{κ4 , λ4 }
We therefore impose the constraint
(34)

ε2 <

1
6

to guarantee that β4 < 0.
Northwest. A similar argument handles the northwest sector, marked
NW, also requiring
(35)

1
ε2 < .
6

South. In the south sector, marked S, define ζS = (q(1) + 1)/2 and
let λS be the corresponding value of λ. Within this region, λ ≤ λS and
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0 ≤ κ ≤ −λ.
β4 < (4(q(1) − 1 + ζS ) + 6ε2 )λ4
< (2(1 − q(1)) + 6ε2 )λ4
We therefore impose the constraint
(36)

ε2 <

1 − q(1)
2

to guarantee that β4 < 0.
North. The north region, marked N, works out similarly, requiring
(37)

ε2 <

q(0)
2

To summarize, in all eight sectors of the (κ, λ) plane, there is a
constraint on ε which, if satisfied, guarantees that outside of a bounded
set, β4 < 0. Specifically, let
s


2δN E 2δSW 1 1 − q(1) q(0)
,
, ,
,
(38)
ε0 = min
3
3 6
2
2
For each 0 < ε < ε0 , all the constraints on ε in the preceding sectorby-sector analysis hold. This means there is a compact region in the
(κ, λ) plane (the white area in Figure 8) outside of which β4 is negative.
Therefore, there exists a number R4 such that if κ2 + λ2 > R4 then
β4 < 0. Returning to the other terms, β−2 + β0 is clearly less than, say,
5 when κ2 + λ2 exceeds some R0 . Furthermore,
|β2 | ≤ 10(κ2 + λ2 ).
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Let R = max{R0 , R4 }. Let A0 be the maximum of β for κ2 +λ2 ≤ R.
Let A = A0 + 15. Putting all the pieces together, if κ2 + λ2 > R then
β < A(κ2 +λ2 ) and if κ2 +λ2 ≤ R then β < A. Thus, β < A(1+κ2 +λ2 ),
and with this inequality, standard results [4, theorems 3.1 and 3.2 in
§5.3] imply the existence and uniqueness of solutions to (22).



5. Discussion and conclusion
The first goal of this project is to build a mathematical model that
can represent spontaneous language change in a population between
two meta-stable states, representing populations dominated by one
idealized grammar or another. Language is represented as a mixture
of the idealized grammars to reflect the variability of speech seen in
manuscripts and social data. A Markov chain that includes age structure has all the desired properties. The population can switch spontaneously from one language to the other and the transition is monotonic.
Intuitively, the mechanism of these spontaneous changes is that every
so often, children pick up on an accidental correlation between age and
speech, creating the beginning of a trend. The prediction step in the
learning process amplifies the trend, and moves the population away
from equilibrium, which suggests the term prediction-driven instability
for this effect.
Another way to understand this form of instability is to use an integrating factor to rewrite the dζ equation from (22). By Itō’s formula,
d(et ζ) = et ξ dt + εet

p
ζ(1 − ζ)dB ζ
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or in integral form
−t

Z

(39) ζ(t) = e ζ0 +

t

e−(t−s) ξ(s)dt

0

Z

t

e−(t−s)

+ε

p
ζ(s)(1 − ζ(s))dB ζ (s)

0

This can be interpreted as saying that ζ is an average of ξ over its
past, with an exponential kernel giving greater weight to the recent
past, plus some random noise. A further simplification is to apply
the resampling step from the Markov chain (§3.1) only to the younger
generation, which removes the random term from dζ in (22) but not
from dξ. This yields a stochastic delay-functional equation for ξ alone
(40)

p

dξ(t) = q(r(ξ(t), Kt ξ)) − ξ(t) dt + ε ξ(t)(1 − ξ(t))dB

where the delay appears through convolution with a memory kernel
−t

Z

Kt f = e f (0) +

t

e−(t−s) f (s)ds.

0

The age structure serves to give the population a memory, so that the
speech pattern ξ of the young generation changes depending on how
the current young generation deviates from its recent past average.
Since this is a new model, some fundamental results were proved.
Specifically, in the limit as the number of agents goes to infinity, sample
paths of the Markov chain converges weakly to solutions to a system
of well-posed SDEs. These have the form of drift terms plus a small
stochastic perturbation. Looking at the limit of zero perturbation, the
prediction-driven instability comes from the proximity of stable sinks
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to the separatrix of their basins of attraction. Concrete formulas were
given for q, r, and Q, but the interesting behavior is limited to these
examples. The instability comes from the general geometry of the
phase space as in Figure 5, and the proof that the system of SDEs is
well-posed relies only on general properties of q, r, and Q.
A related problem is the FitzHugh-Nagumo model for a spiking neuron [14, 21], which is a general family of two-variable dynamical systems. The geometric structure is similar to Figure 7 except that the zigzag null-cline is shifted downward so there is only one fixed point which
represents a resting neuron. A disturbance causes the neuron’s state to
stray away from that rest state and go on a long excursion known as an
action potential or spike. The language change model examined here
differs from the stochastic FitzHugh-Nagumo model in several ways.
It is derived as a continuous limit of a Markov chain rather than from
adding noise to an existing dynamical system. It has two stable equilibria rather than one (although it is conceivable that some linguistic
phenomenon might exhibit the single stable equilibrium). It is naturally confined to a square, where FitzHugh-Nagumo models occupy an
entire plane. The random term added to a FitzHugh-Nagumo model is
normally Brownian motion multiplied by a small constant. The change
of variables θ = arcsin(2ξ − 1), φ = arcsin(2ζ − 1) transforms (22) to
that form but the system remains confined to a square, and the change
of variables to (25) on the whole plane has a non-constant coefficient
on the Brownian motion.
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Future studies of this model will include adapting and applying
techniques for studying noise-activated transitions among meta-stable
states, including exit problems [5, 15, 16]. For example, it is possible
to numerically estimate the time between transitions using a partial
differential equation or a variational technique.
This research was funded in part by a grant from the National Science
Foundation (0734783).
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