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ABSTRACT. We develop a new stochastic model of language learning
and change that incorporates variable speech and age structure. Children
detect correlations between age and speech, predict how the language is
changing, and speak according to that prediction. Although the popu-
lation tends to be dominated by one idealized grammar or another, the
learning process amplifies chance correlation between age and speech,
generating prediction-driven instability and spontaneous language change.
The model is formulated as a Markov chain, and a stochastic differential
equation. It exhibits the abrupt monotonic shifts among equilibria char-
acteristic of language changes. Fundamental results are proved.

1. THE PARADOX OF LANGUAGE CHANGE

One of the primary tools in the field of linguistics is the idealized gram-
mar, that is, a formalism that identifies correct utterances (1, 2). Much of
the research on how children acquire their native language focuses on how
they might choose an idealized grammar from many innate possibilities on
the basis of example sentences from the surrounding society (3–5). From the
perspective of idealized grammar, language change is paradoxical: Children
acquire their native language accurately and communicate with adults from
preceding generations, yet over time, the language can change drastically.
Some changes may be attributed to an external event, such as political up-
heaval, but not every instance of language change seems to have an external
cause. Despite their variability, languages do maintain considerable short-
term stability, consistently accepting and rejecting large classes of sentences
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for centuries. The primary challenge addressed by the new model discussed
in this article is to capture this meta-stability.

A number of models focus on characterizing stable properties of lan-
guages. For example, naming games and other lexical models are focused
on the ability of a population to form a consensus on a vocabulary, and how
effective that vocabulary is at representing meanings (6–12). Related models
focus on the structure of stable lexicons or phoneme inventories (13).

Several researchers have proposed and analyzed algorithms for learning
idealized grammars, some designed to reproduce specific features of human
language and associated changes (5, 14–19). These focus on details of the
acquisition process and follow the probably-almost-correct (PAC) learning
framework (20), in which the learner’s input is a list of grammatically cor-
rect utterances (perhaps generated by agents using different idealized gram-
mars) and the learner is required to choose a single idealized grammar from
a limited set that is most consistent with that input. The input may be from
a single individual (18, 19) or an unstructured population (14). Pearl and
Weinberg (21) and Lightfoot (22, 23) analyze learning models that use frag-
ments of the input and can exclude rarely occurring constructions as noise.
These models assume the input contains no data on social structure, and
they typically have sink states from which the learner or population cannot
escape. In addition, there is evidence that the PAC framework and the so-
called subset principle do not accurately reproduce certain features of child
language acquisition (24, 25).

Many language models are adapted from deterministic, continuous, bio-
logical population models and represent language by communication games.
These focus on stable behavior in an infinite homogeneous population, al-
though some exhibit ongoing fluctuations (26–36). Some are designed to
represent a single change (37). In these models, children learn from an aver-
age of speech patterns, and except for (35), these do not model the origins of
language changes directly. Instead, an external event must disturb the system
and push it from one stable state to another.

As we will see in Section 2, a general mean-field model in which chil-
dren learn from the entire population equally does not lead to spontaneous
change, even in the presence of random variation. It appears that sponta-
neous changes can only arise from random fluctuations in combination with
some sort of momentum driven by social structure.

Labov (38) proposes a model in which females naturally change their in-
dividual speech over time, a force called incrementation. A semi-structured
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approach as in (39) assumes a fully interconnected finite population but
agents vary in their influence on learners. There is no age information avail-
able during learning. These models approximate the time course of a single
change, in qualitative agreement with data, but neither addresses the origin
of the change.

Some models use network dynamics rather than a mean-field assumption
and allow learners to collect input disproportionately from nearby members
of the population (40, 41). These models incorporate observations made
by Labov (38, 42, 43) and others that certain individuals tend to lead the
population in adopting a new language variant, and the change spreads along
the friendship network.

In contrast, the new model analyzed in this article is built from an alter-
native perspective that can resolve the language change paradox. Utterances
can fall along a range from clearly correct to clearly incorrect, and may be
classified as more or less archaic or innovative. Such an approach can con-
sider the variation present in natural speech (37, 38, 42, 44) and model it as a
stochastic grammar, that is, a collection of similar idealized grammars, each
of which is used randomly at a particular rate. From this continuous perspec-
tive, language change is no longer a paradox, but acquisition requires more
than selecting a single idealized grammar as in the PAC framework. Instead,
children must learn multiple idealized grammars, plus the usage rates and
whatever conditions affect them.

Crucially, instead of limiting learners’ input to example sentences, the
new model assumes that children also know the age of the speaker and pre-
fer not to sound outdated. They bias their speech against archaic forms by
incorporating a prediction step into their acquisition of a stochastic gram-
mar, which introduces incrementation without directly imposing it as in (38).
The author is unaware of any other models with this prediction feature. It
introduces momentum into the dynamics, which generates the desired meta-
stability: The population tends to hover near a state where one idealized
grammar is highly preferred. However, children occasionally detect acci-
dental correlations between age and speech, predict that the population is
about to undergo a language change, and accelerate the change. This feature
will be called prediction-driven instability.

The majority of the language modeling literature does not focus on the
formal aspects of mathematical models, such as confirming that the dynam-
ics are well-posed or deriving a continuous model as the limit of a discrete
model, even though such details are known to be significant models (45).
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The author has performed numerical simulations of the discrete form of
model to confirm that it has the desired behavior (46) but its continuous form
has yet to be placed on a sound theoretical foundation. So in this article, we
formulate the age-structure model as a Markov chain, then consider the limit
of an infinitely large population and reformulate it as a martingale problem.
Focusing on a low dimensional case, we will rewrite it as a system of sto-
chastic differential equations (SDEs), show that it has a unique solution for
all initial values, and show that paths of the Markov chain converge weakly
to solutions of the SDEs.

2. AN UNSTRUCTURED MEAN-FIELD MODEL

Let us suppose, for the sake of simplicity, that individuals have the choice
between two similar idealized grammars G1 and G2. Each simulated agent
uses G2 in forming an individual-specific fraction of spoken sentences, and
G1 in forming the rest. Assume that children are always able to acquire both
idealized grammars and the only challenge is learning the usage rates.

Assume that the population consists of N adults, each of which is one of
K + 1 types, numbered 0 to K, where type k means that the individual uses
G2 at a rate k/K. The state of the chain at step j is a vector A where An(j)
is the type of the n-th agent. We also define a count vector C where Ck(t) is
the number of agents of type k,

Ck(j) =
∑
n

1(An(j) = k) .

Dividing the count vector by the population size yields the distribution vec-
tor Z = C/N such that an agent selected at random from the population
uniformly at time j is of type k with probability Zk(j). The mean usage rate
of G2 at step j is therefore

(1) M(j) =
K∑
k=0

(
k

K

)
Zk(j)

The transition process from step j to j+ 1 is as follows. Two parameters are
required, a birth-and-death rate rD and a resampling rate rR. At each time
step, each individual agent is examined:

• With probability pD = rD/N it is removed to simulate death.
• With probability rR it is resampled.
• With probability 1− pD − rR it is unchanged.
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Each time step is interpreted as 1/N years. The lifespan of an individual in
time steps has a geometric distribution with parameter pD. The average life
span is therefore 1/pD time steps or 1/rD years.

When an agent dies, a replacement agent is created and its type is selected
at random based on a discrete distribution vector Q(M(j)). That is, Qk(m)
is the probability that a child learning from a population with mean usage
rate m is of type k, and therefore uses G2 at rate k/K. For the purposes of
this article, Q(m) will be the mass function for a binomial distribution with
parameters q(m) and K,

(2) Qk(m) =
(
K

k

)
q(m)k(1− q(m))K−k.

The mean learning function q(m) is the mean usage rate of children learning
from a population with a mean rate m,

(3) q(m) =
K∑
k=0

(
k

K

)
Qk(m).

The mean learning function must be S-shaped to ensure that there are two
equilibrium states, representing populations dominated by one grammar or
the other. In general, q is assumed to be smooth, strictly increasing, with one
inflection point, and 0 < q(0) < 1/4 and 3/4 < q(1) < 1.

A curved mean learning function means that the more commonly used
idealized grammar becomes even more commonly used, until the other gram-
mar all but disappears. This tendency is in agreement with the observation
that children regularize language: A growing body of evidence (47) indicates
that for the task of learning a language with multiple ways to say something,
adults tend to use all the options and match the usage rates in the given
data, but children prefer to pick one option and stick with it. Beyond these
general properties, this learning model makes no attempt to directly repre-
sent the neurological details of language acquisition, although researchers
are exploring this area (24, 48–51).

When an agent is resampled, its new state is copied from another agent
picked uniformly at random. The average time an agent spends between
resamplings is 1/rR time steps. This feature of the transition process incor-
porates the fact that as an adult, an individual’s language is not entirely fixed.
Furthermore, as will be seen in Section 3.2, without this resampling feature,
the random fluctuations of the Markov chain diminish to 0 in the limit as
N →∞, which would defeat the purpose of developing a stochastic model.
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This Markov chain is regular. Although it spends most of its time hov-
ering near a state dominated by one idealized grammar or the other, it must
eventually exhibit spontaneous language change by switching to the other.
However, computer experiments show that under this model, a population
takes an enormous amount of time to switch dominant grammars. This
model is therefore unsuitable for simulating language change on historical
time scales. A further undesirable property is that when a population does
manage to shift to an intermediate state, it is just as likely to return to the
original grammar as to complete the shift to the other grammar. Histori-
cal studies (37, 48) show that language changes typically run to completion
monotonically and do not reverse themselves partway through (but see (44)
for some evidence to the contrary), so again this model is unsuitable.

3. AN AGE-STRUCTURED MODEL

One way to remedy the weaknesses of these mean-field models is to in-
troduce social structure into the population. According to sociolinguistics,
ongoing language change is reflected in variation, so there is reason to be-
lieve children are aware of socially correlated speech variation and use it
during acquisition (42).

There are many ways to formulate a socially structured population, and
not all formulations apply to all societies. For simplicity, we assume that
there are two age groups, roughly representing youth and their parents, and
that children can detect systematic differences in their speech. We also as-
sume that there are social forces leading children to avoid sounding out-
dated.

3.1. Adapting the mean-field Markov chain. Let us adapt the Markov
chain from Section 2 to include age structure. To represent the population
at time j, we let Un(j) be the type of the n-th youth and Vn(j) be the type
of the n-th parent. Define Ck(j) to be the number of youth of type k, and
define Dk(j) to be the number of parents of type k. The total number of
youth and the total number of parents are fixed at N . We also assume that
apart from age, children make no distinction among individuals. Thus, they
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learn essentially from the mean usage rates of the two generations,

MC(j) =
K∑
k=0

(
k

K

)(
Ck(j)
N

)

MD(j) =
K∑
k=0

(
k

K

)(
Dk(j)
N

)(4)

We have modified the mean-field assumption by expanding the influence of
the population on a child to two aggregate quantities. The modified transition
process from time j to j + 1 is as follows. Each adult is examined:

• With probability pD = rD/N it is removed to simulate death.
• With probability rR it is resampled from the adult population.
• With probability 1− pD − rR it is unchanged.

Each youth is examined:

• With probability pD = rD/N it is removed to simulate aging.
• With probability rR it is resampled from the youth population.
• With probability 1− pD − rR it is unchanged.

Each time step is interpreted as 1/N years. The number of time steps spent
by an individual in each age group has a geometric distribution with param-
eter pD. The average time spent as an adult and as a youth is therefore 1/pD
time steps or 1/rD years, so the average life span is now 2/rD.

When an agent is resampled, its new state is copied from another agent
from the same generation selected uniformly at random. As before, resam-
pling leaves the mean behavior unchanged while introducing volatility.

When an adult is removed, a new adult is created by copying a youth at
random. When a youth ages, a new youth is created based on the discrete
probability vector R(MC(t),MD(t)). Here, R(x, y) represents the acquisi-
tion process, together with prediction: Children hear that the younger gen-
eration uses G2 at a rate x, and the older generation uses a rate y. Based on
x and y and any trend those numbers indicate, they predict a rate that their
generation should use, and learn based on that predicted target value. Let the
predicted mean usage rate be given by a function r(x, y) that is increasing
with respect to x, decreasing with respect to y, and satisfies x < y implies
r(x, y) < x and x > y implies r(x, y) > x. Then, our assumptions on
learning based on prediction can be incorporated into the mathematics by
setting R(x, y) = Q(r(x, y)).
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For a specific example, let us consider a population of 1000 agents, 500
in each age group, with a replacement rate of rD = 1/20. Therefore, the
mean lifespan of an agent is 40 years. The resampling rate is rR = 0.0001.
There are 6 types of agents, representing speech patterns that use G2 for a
fraction 0, 1/5, . . . , 1 of spoken sentences. The learning distribution Q(m)
is a binomial distribution with parameters q(m) and 5, where

(5) q(m) =
1
32

+
3600
751

(
33m
1280

+
161m2

320
− m3

3

)
The prediction function r(x, y) is based on an exponential sigmoid, as in
Figure 2. Given σ(t) = 1/(1 + exp(−t)), define t1 = σ−1(x) and t2 =
σ−1(y). Then h = t1− t2 is a measure of the trend between the generations.
A scale factor α is applied to h, and the scaled trend is added to t1. After
some simplification,

(6) r(x, y) = σ(t1 + αh) =
1

1 +
(
1−x
x

)α+1( y
1−y
)α

For the example calculations in this paper, α = 3. Observe that r is a rational
function, and is continuous everywhere in (0, 1)×(0, 1) except at the corners
(0, 0) and (1, 1).

The combined mean learning-prediction function q(r(x, y)) is plotted in
Figure 1. An important feature is that since q(0) > 0 and q(1) < 1, the graph
is slightly above the plane given by (x, y) 7→ x along the edge where x = 0,
and is slightly below that plane along the edge where x = 1. This means that
given an initial condition where one of the idealized grammars is not used at
all, there is a non-zero probability that it will appear spontaneously.

This model turns out to exhibit the desired properties. The population
can spontaneously change from one language to the other and back within a
reasonable amount of time, and once initiated the change runs to completion
without turning back. See Figure 3 for a graph of the mean usage rate of G2

among the younger age group as a function of time for a typical run of this
Markov chain.

3.2. Diffusion limit. To better understand why spontaneous change hap-
pens in this model, we develop a continuous limit for the Markov chain gov-
erning the speech distributions X = C/N and Y = D/N of the younger
and older generations, which are points in the simplex,

Sn =
{

(x0, . . . , xn)
∣∣∣ xk ∈ [0, 1],

∑
xk = 1

}
.
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FIGURE 1. The learning-prediction function q(r(x, y))
and the plane given by the graph of (x, y) 7→ x.

FIGURE 2. An illustration of the prediction function r.

In the limit as the population size N increases without bound, the Markov
chain (X(j), Y (j)) : N → Sn × Sn ought to converge to the solution
(ξ(t), ζ(t)) : [0,∞) → Sn × Sn of a martingale problem. To formulate it,
we must calculate the infinitesimal drift and covariance functions.

3.2.1. Notation. To reduce notational clutter in this subsection, all time-
dependent quantities at time j will be written without a time index, as in
Un, Vn, Ck, Dk, Xk, and Yk. The learning distributionQ(r(MC ,MD)) will
be written as just Q. Time-dependent quantities at time j + 1 will be written
with a prime mark, as in U ′n, V ′n, C ′k, D′k, X ′k, and Y ′k . Expectations and
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FIGURE 3. Trajectory of the mean usage rate MC(t) of
G2 in the young generation from a sample path of the age-
structured Markov chain. Left: The path from time 0 to
1000 years, showing several changes between G1 (low)
and G2 (high). Right: The path from time 175 to 300
years, showing a single grammar change.

variances with a j subscript are conditioned on the information available at
time step j.

3.2.2. Infinitesimal mean and variance. Conditioning on time step j, 1(U ′n = k)
is a Bernoulli random variable that takes on the value 1 with probability
g(n, k) = (1− pD − rR) 1(Un = k) + pDQk + rRXk. With this observa-
tion, the mean and variance of C ′k conditioned on information known at time
step j can be calculated as follows.

(7) Ej (C ′k) =
∑
n

g(n, k) = (1− pD)Ck + pDNQk

Varj (C ′k) =
∑
n

g(n, k)− g(n, k)2

= (1− pD − rR)Ck + pDNQk + rRNXk

− (1− pD − rR)2Ck
− 2(1− pD − rR)Ck(pDQk + rRXk)

−N(pDQk + rRXk)2

(8)
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If h 6= k and m 6= n then for all j, 1(Un(j) = k) 1(Un(j) = h) = 0 and
Um(j) and Un(j) are independent. That implies

Covj (C ′k, C
′
h) =

∑
n

Covj (1(U ′n = k) ,1(U ′n = h))

= −
∑
n

g(n, k)g(n, h)

= −
(
(1− pD − rR)Ck(pDQh + rRXh)

+ (1− pD − rR)Ch(pDQk + rRXk)

+N(pDQk + rRXk)(pDQh + rRXh)
)

(9)

It follows that

(10) Ej
(
X ′k −Xk

1/N

)
= rD(Qk −Xk),

which gives the infinitesimal drift component for a martingale problem. We
also need an estimate of the covariance matrix for X:

(11) Varj (X ′k) =
1
N

(
(2rR − r2R)(Xk −X2

k)
)

+O

(
1
N2

)

Covj (X ′k, X
′
h) = − 1

N

(
(2rR − r2R)XkXh

)
+O

(
1
N2

)
(12)

Similar drift and covariance formulas can be derived for Y .
As a further simplification, we can rescale time by a factor of rD. This

finally yields the infinitesimal drift function

(13) b
(
ξ
ζ

)
=
(
Q− ξ
ξ − ζ

)
where ξ, ζ,Q ∈ Sn

and the infinitesimal covariance function

(14) a
(
ξ
ζ

)
= ε2



ξ1 − ξ21 −ξ1ξ2 . . .

−ξ1ξ2
. . .

...

0

0

ζ1 − ζ2
1 −ζ1ζ2 . . .

−ζ1ζ2
. . .

...
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where

(15) ε =

√
2rR − r2R

rD
=

√
1− (1− rR)2

rD
and ξ, ζ ∈ Sn

Note that ξ0 and ζ0 are omitted from the dynamics because of the population
size constraints

ξ0 = 1− ξ1 − · · · − ξK
ζ0 = 1− ζ1 − · · · − ζK

Furthermore, if the resampling feature is removed by setting rR = 0, then
ε = 0 and the dynamics become deterministic. The resampling feature can
also be removed from just the older generation by zeroing out the lower right
quadrant of a, or from just the younger generation by zeroing out the upper
left quadrant.

4. THEORY FOR A 2-DIMENSIONAL CASE

Rather than treat the full 2(K + 1) variable system, we will continue by
restricting our attention to the case of K = 1. That is, simulated individuals
use G2 exclusively or not at all, and X0 is the fraction of the young gener-
ation that never uses G2 and X1 is the fraction that always uses G2. Since
X0 +X1 = 1, it is only necessary to deal with X1. As a further simplifica-
tion of the notation, an X with no subscript will refer to X1. Likewise, a Y
with no subscript will refer to Y1. The learning distribution Q simplifies as
well. The mean usage rates of G2 among the younger and older generations
are X and Y respectively, so Q1 = q(r(X,Y )) and Q0 = 1−Q1.

The time associated with step j of the Markov chain is t = j/N , so
to properly express the convergence of the Markov chain to a process in
continuous time and space, we need the auxiliary processes X̄ and Ȳ that
map continuous time to discrete steps,

X̄(t) = X(bNtc)
Ȳ (t) = Y (bNtc)

(16)

The covariance function (14) reduces to a 2-by-2 diagonal matrix so it has a
very simple square-root. With these definitions, we claim

Proposition 4.1. Suppose (X̄(0), Ȳ (0)) converges to (ξ0, ζ0) as N → ∞.
For sufficiently small ε > 0, the process (X̄(t), Ȳ (t)) converges weakly as
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N →∞ to the solution (ξ(t), ζ(t)) : [0,∞)→ (0, 1)× (0, 1) of

dξ = (q(r(ξ, ζ))− ξ)dt+ ε
√
ξ(1− ξ)dBξ

dζ = (ξ − ζ)dt+ ε
√
ζ(1− ζ)dBζ

ξ(0) = ξ0 and ζ(0) = ζ0

(17)

where Bξ and Bζ are independent one-dimensional Brownian motions.

Proof. We will show that the results of Chapter 8 of Durrett (52) apply,
specifically theorem 7.1, which implies this result.

The calculations (10), (11), and (12) in Section 3.2 verify that the step-
to-step drift, variances, and covariances of the Markov chain converge to the
corresponding functions in the SDE as the time step size 1/N goes to zero.
The remaining condition to check is Durrett’s hypothesis (A) for theorem
7.1, which is that the martingale problem associated to (17) is well posed.
That proof forms the rest of this section. After a change of variables to move
the system from the square phase space (0, 1)×(0, 1) to R2, standard results
imply well posedness. �

4.1. Well-posedness of the SDE. The SDE (17) has pathwise-unique strong
solutions, as we will prove. This implies uniqueness in distribution (52,
§5.4 theorem 4.1) which implies that the martingale problem is well posed
(52, §5.4 theorem 4.5).

Lemma 4.2. There is a number ε0 > 0 such that if ε < ε0 then the following
holds: Given an initial condition (ξ0, ζ0) ∈ (0, 1) × (0, 1), the system (17)
has a pathwise-unique strong solution taking values in (0, 1)× (0, 1) almost
surely for all t ≥ 0.

Proof. We must deal with some details concerning the boundary of the phase
space. The semi-circle function

√
x(1− x) in the diffusion terms is not Lip-

schitz continuous: Near 0 and 1 the derivative is unbounded. Furthermore,
the prediction function r is discontinuous at two of the corners. We therefore
change variables so as to push the boundary of the phase space off to infinity.
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The new variables and their relationships to ξ and ζ are

u = 2ξ − 1 ∈ (−1, 1)

v = 2ζ − 1 ∈ (−1, 1)

κ =
u√

1− u2
∈ (−∞,∞)

λ =
v√

1− v2
∈ (−∞,∞)

(18)

This particular change of variables recenters the square phase space on the
origin and blows it up to occupy the whole plane. Applying Itō’s formula,

dκ =


b1=︷ ︸︸ ︷

2(1 + κ2)3/2(q(r(ξ, ζ))− ξ) +
3
2
ε2κ(1 + κ2)

dt

+

σ1=︷ ︸︸ ︷
ε(1 + κ2)1/2 dBξ

dλ =


b2=︷ ︸︸ ︷

2(1 + λ2)3/2(ξ − ζ) +
3
2
ε2λ(1 + λ2)

dt

+

σ2=︷ ︸︸ ︷
ε(1 + λ2)1/2 dBζ

(19)

Both the drift and standard deviation are continuously differentiable as func-
tions of κ and λ, so they automatically satisfy a local Lipschitz inequality, as
required by the standard theorem concerning the existence and uniqueness
of solutions (52, §5.3).

The standard theorem also requires a growth constraint formulated as fol-
lows. Let us generalize the usual big-O notation, using

f(κ, λ) = g(κ, λ) +O2

to mean that there exists a constant A > 0 such that for all κ and λ,

f(κ, λ)− g(κ, λ) < A(1 + κ2 + λ2).

The required growth constraint is β = O2 where

(20) β = 2κb1 + 2λb2 + σ2
1 + σ2

2 .
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For many stochastic differential equations, this bound is straightforward to
verify because the corresponding β has no terms of degree higher than 2.
The difficulty here is that β contains degree 4 terms, so we must confirm
that they are negative for sufficiently large κ and λ. We begin with the series

(1 + x2)3/2 = |x|3
(

1 +
3

2x2
+

3
8x4

+O
(
x−6

))
and expand β into powers of κ and λ. Eliding terms of degree 2 and below
and leaving the argument to q implicit,
(21)

β =

β4=︷ ︸︸ ︷(
4(q − ξ)(sgnκ) + 3ε2

)
κ4 +

(
4(ξ − ζ)(sgnλ) + 3ε2

)
λ4 +O2

For each sector of the plane (Figure 4) a slightly different argument guaran-
tees that if ε is sufficiently small, then β4 < 0 when κ and λ are large, which
implies β = O2.

The southeast sector, marked SE, is defined by 0 ≤ −λ ≤ κ, 7/8 ≤ ξ <
1, and 1− ξ ≤ ζ ≤ 1/2. Replacing λ4 with κ4, ζ with 1/2, −ξ with −7/8,
and q with 1 yields

β4 ≤
(
−1 + 6ε2

)
κ4.

It therefore suffices to require ε2 < 1/6. A similar argument applied to the
northwest sector, marked NW, yields the same constraint.

The south sector, marked S, is defined by 0 ≤ κ ≤ −λ, 0 < ζ ≤ 1 −
q(1)/2, and 1/2 ≤ ξ ≤ 1− ζ. Replacing κ4 with λ4, −ξ with −1/2, q with
q(1), and ζ with 1− q(1)/2 yields

β4 ≤ (2(−1 + q(1)) + 6ε2)λ4.

It therefore suffices to require ε2 < (1−q(1))/3. A similar argument applied
to the north sector, marked N, yields the constraint ε2 < q(0)/3.

Define ζE = (1 + q(1))/2 and let λE be the corresponding value of
λ. The northeast sector, marked NE, is defined by 0 ≤ κ, 1/2 ≤ ξ < 1,
0 < λE ≤ λ, and ζE ≤ ζ < 1. Replacing κ4 with λ4, q with q(1), and −ζ
with −ζE , and canceling ξ yields

β4 ≤ (−2(1− q(1)) + 6ε2)λ4.

It therefore suffices to require ε2 < (1−q(1))/3. A similar argument applied
to the southwest sector, marked SW and defined by ζW = q(0)/2, 0 < ζ ≤
ζW , and 0 < ξ ≤ 1/2, yields the constraint ε2 < q(0)/3.
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FIGURE 4. Schematic drawing of the sectors of the (κ, λ)
plane for estimating β4. The thin lines represent points
satisfying κ = 0, λ = 0, λ = κ, and λ = −κ; or equiva-
lently ξ = 1/2, ζ = 1/2, ζ = ξ, and ζ = 1− ξ.

The east sector, marked E, is defined by 0 ≤ λ ≤ λE ≤ κ, and ζ ≤ ζE ≤
ξ < 1. Using the upper bound on λ and factoring out κ4,

β4 ≤ κ4

(
4(q − ξ) + 3ε2 +

(
λE
κ

)4 (
4(ξ − ζ) + 3ε2

))
The right hand term becomes insignificant as κ → ∞. Specifically, Let
κE = λE/

√
ε. Combining κ ≥ κE with the already-derived constraint that

ε2 < 1/6 and 0 ≤ ξ − ζ ≤ 1/2, the inequality for β4 simplifies to

β4 ≤ κ4(4(q − ξ) + 6ε2).

Replacing q with q(1) and −ξ with −ζE yields

β4 ≤ κ4(−2(1− q(1)) + 6ε2).
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It therefore suffices to require ε2 < (1−q(1))/3. A similar argument applied
to the west sector, marked W, yields the constraint ε2 < q(0)/3.

Combining these constraints on ε and taking the strongest, define

(22) ε0 =

√
min

{
1− q(1)

3
,
q(0)

3

}
For each 0 < ε < ε0, all the constraints on ε in the preceding sector-
by-sector analysis hold. Thus, β = O2, and standard results (52, §5.3
theorems 3.1 and 3.2) imply the existence and uniqueness of solutions to
(17). �

5. DISCUSSION

5.1. Comparison to the deterministic limit. In the deterministic limit ε =
0, the dynamical system (17) has two stable equilibria representing popula-
tions where both generations are dominated by one grammar or the other.
The separatrix forming the boundary between the two basins of attraction
passes very close to the stable equilibria. See Figure 5. Under the stochastic
dynamics, the population will hover near one equilibrium or the other, but
random fluctuations cause it to stray across the separatrix, where it will be
blown toward the other equilibrium. These separatrix-crossing events gener-
ate spontaneous monotonic language changes separated by reasonably long
intervals of temporary stability.

5.2. Memory kernel form. Another way to understand this form of insta-
bility is to express ζ as an average of ξ over its past, with an exponential
kernel giving greater weight to the recent past. This is accomplished by first
making the simplification of applying the resampling step from the Markov
chain only to the younger generation, which removes the random term from
dζ in (17) but not from dξ. This yields a linear ordinary equation for ζ with
ξ acting as an inhomogeneity

dζ
dt

= ξ − ζ, with solution ζ(t) = e−tζ0 +
∫ t

0

e−(t−s)ξ(s)ds.

With this simplification, the dynamics for ξ take the form of a stochastic
functional-delay differential equation

(23) dξ(t) =
(
q(r(ξ(t),Ktξ))− ξ(t)

)
dt+ ε

√
ξ(t)(1− ξ(t))dB
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FIGURE 5. Phase portrait for (17) with ε = 0. The
crossed dot ⊕ is a saddle point, the two dots • are sinks,
and the dashed curve is the separatrix between their basins
of attraction. The arrows indicate the direction of the vec-
tor field. Inset boxes show magnified pictures of the areas
around the sinks.

where the delay appears through convolution with a memory kernel

Ktf = e−tf(0) +
∫ t

0

e−(t−s)f(s)ds.

The age structure serves to give the population a memory, so that the speech
pattern ξ of the young generation changes depending on how the current
young generation deviates from its recent past average. Chance deviations
of sufficient size are amplified when children detect them and predict that
the trend will continue, yielding prediction-driven instability.

5.3. Comparison to other biological models. The discrete and continuous
models as described Sections 2 and 3.1 are based on the Wright-Fisher model
of population genetics as described in (52), which is formulated as a Markov
chain and its limit as a stochastic differential equation for an infinite popula-
tion. The Wright-Fisher model does not incorporate age structure or forces
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such as learning and prediction that are not present in biological selection-
mutation processes.

A related dynamical system is the FitzHugh-Nagumo model for a spiking
neuron (53, 54), which is a general family of two-variable dynamical sys-
tems. Its structure is similar to Figure 5 except that it has only the lower
left stable equilibrium, which represents a resting neuron. A disturbance
causes the neuron’s state to stray away from that rest state and go on a long
excursion known as an action potential or spike.

The language change model examined here differs from the stochastic
FitzHugh-Nagumo model in several ways. It is derived as a continuous limit
of a Markov chain rather than from adding noise to an existing dynamical
system. It has two stable equilibria rather than one as long as ε is sufficiently
small (although it is conceivable that some linguistic phenomenon might
exhibit the single stable equilibrium). It is naturally confined to a square,
where FitzHugh-Nagumo models occupy an entire plane. The random term
added to a FitzHugh-Nagumo model is normally Brownian motion multi-
plied by a small constant. The change of variables θ = arcsin(2ξ − 1),
φ = arcsin(2ζ − 1) transforms (17) to that form but the system remains
confined to a square, and the change of variables to (19) on the whole plane
has a non-constant coefficient on the Brownian motion. Thus, the theory of
FitzHugh-Nagumo models must be adapted before it can be applied to this
language model.

6. CONCLUSION

The main goal of this article is to build a mathematical model that can
represent spontaneous language change in a population between two meta-
stable states, representing populations dominated by one idealized grammar
or another. Language is represented as a mixture of the idealized grammars
to reflect the variability of speech seen in manuscripts and social data. A
Markov chain that includes age structure has all the desired properties. The
population can switch spontaneously from one language to the other and
the transition is monotonic. Intuitively, the mechanism of these spontaneous
changes is that every so often, children pick up on an accidental correlation
between age and speech, creating the beginning of a trend. The prediction
step in the learning process amplifies the trend, and moves the population
away from equilibrium, which suggests the term prediction-driven instability
for this effect.
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Since this is a new model, some fundamental results were proved. Specif-
ically, in the limit as the number of agents goes to infinity, sample paths of
the Markov chain converges weakly to solutions to a system of well-posed
SDEs, which have the form of drift terms plus a small stochastic pertur-
bation. Looking at the limit of zero noise, the prediction-driven instability
comes from the proximity of stable sinks to the separatrix of their basins
of attraction. The instability comes from the general geometry of the phase
space as in Figure 5. Alternatively, the prediction process may be understood
as comparing the current state of the population to an average emphasizing
its recent past, and chance sudden changes trigger the instability. Concrete
formulas were given for q, r, and Q, but the interesting behavior is not lim-
ited to these examples. The proof that the system of SDEs is well-posed
relies only on general properties of q, r, and Q.

Remaining work on this model includes the extension of the proofs in
Section 4 to any number of dimensions. Calculations show that such an
extension is potentially useful for modeling spontaneous transitions among
multiple possible languages (46).

Future studies of this model will include adapting and applying tech-
niques for studying noise-activated transitions among meta-stable states, in-
cluding exit time problems (55–57). For example, it is possible to numeri-
cally estimate the time between transitions using a partial differential equa-
tion or a variational technique.

This research was funded in part by a grant from the National Science
Foundation (0734783).
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