GAME DYNAMICS WITH LEARNING AND EVOLUTION OF
UNIVERSAL GRAMMAR

W. GARRETT MITCHENER

Abstract.

We investigate a model of language evolution, basedon population game dynamics with learning.
Speci cally , we examine the case of two genetic variants of universal grammar (UG), the heart of
the human language faculty, assuming each admits two possible grammars. The dynamics are driven
by a communication game. We prove using dynamical systems techniques that if the payo matrix
obeys certain constraints, then the two UGs are stable against invasion by each other, that is, they
are evolutionarily stable. These constraints are independent of the learning process. Intuitiv ely, if a
mutation in UG results in grammars that are incompatible with the established languages, then it will
die out becauseindividuals with the mutation will be unable to communicate and therefore unable
to realize any potential benet of the mutation. An example for which the proofs do not apply shows
that compatible mutations may or may not be able to invade, depending on the population's history
and the learning process. These results suggest that the genetic history of language is constrained
by the need for compatibilit y and that mutations in the language faculty may have died out or taken
over depending more on historical accident than on any simple notion of relativ e tness.
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1. Intro duction. Languageis perhapsthe most striking and specializedaspect
of the human species. The ability of children to learn a language instinctiv ely by
listening to adult speed is especially remarkable, and many questionsmay be posed
about the biological processedehind this ability [28, 3, 15, 20]. Using the framework
of population game dynamics [6], this paper addresseshe questions of whether ge-
netic variation might exist in the languagefaculty, and under what circumstancescan
a mutation in the languagefaculty spreadthrough a population. Mathematical mod-
els are extremely important in exploring the evolutionary history of human language,
given the limited physical evidencel[5, 14, 2, 8, 9, 29, 7, 22, 21]. The fundamertal
guestions of how changesin the genetic code for language arise and propagate, in
addition to being fascinating from the biological and philosophical perspectives,leads
to interesting mathematics: The interaction of game dynamics and learning leadsto
a system of di erential equations with rich behavior. A genetic variant is evoluti-
narily stable if the set of population states in which everyone has that variant are
attracting. In this paper, we investigate a particular caseof this dynamical system,
and derive su cien t conditions for ewolutionary stability of genetic variants of the
languagefaculty.

Following prior work [24, 27, 31, 25, 30, 26, 13, 23], the benet of languageare
represerted by payos in a communication game, leading to reproductive success.
However, genetic diversity in combination with learning adds extra complexity: The
learning processis determined genetically, but the payo comesfrom a strategy se-
lected by the learning process.Thus, learning is an extra layer of indirection between
the genomeand the payo. In the specic caseof language, human beings are en-
dowed with a set of innate hints and limitations known as universal grammar or UG
[3, 28] that determine what languagesare possible,and how children acquire a native
language. UG may be thought of asa meansfor selectinga language,which in turn is
a strategy for a communication game. That obsenation suggeststhe term metastrat-
egy for traits such as UG which specify a strategy for selectinga strategy in a game.
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The mathematical task at hand is to formulate a model of competition among UGs
by adapting gamedynamics to include metastrategies.

For such a mathematical model, a fundamental questionis: Givena homogeneous
population, if a small sub-population with a dierent UG is introduced, does the
invasion die out, take over, or coexist? Initially , one might expect to nd some
measureof tness sud that the UG of greater tness wins. Howewer, as this paper
shaws, there is no such simple measureof tness for metastrategies,becausehe payo
leading to tness is not derived directly from a player's metastrategy.

This paper focuseson a restricted but non-trivial casewhere there are two UGs,
eadh of which admits two grammars. There is considerable debate about exactly
what parts of human intelligence are part of UG. For the purposesof this paper,
a UG consistsof a set of admissible languagesand a learning algorithm that takes
sample sertences and leads a child to acquire an admissible grammar. The main
result is a mathematical statemert of the following intuition. One might expect that
if two UGs specify incompatible languages,then neither should be able to invade the
other. Invaderscon ned to incompatible languageswould die out not becausetheir
geneticendovmert is less t in any simple sensebut becausethey cannot realize the
potential benet of languageif the majority of the population cannot communicate
with them. For a range of parameter settings of the mathematical model, it is possible
to have two UGs, ead of which is stable against invasion by the other.

Furthermore, it is possibleto have accidental stability, that is, two UGs, ead of
which caninvadethe other or not, depending on the dominant language. In this case,
the population choosesa dominant language more or lessat random, basedon its
initial state, and that accidert determineswhether or not a future invasion succeeds.

Section 2 formulates the language dynamical equation with multiple universal
grammars. The resulting system of di erential equationstakesa payo matrix and
a learning matrix as parameters. From the general case,we restrict our attention to
the caseof two UGs with two grammars ead). Section 3 derives conditions on the
payo matrix that imply that genetically homogeneouspopulations are stable against
invasion by the other UG. These conditions are independert of the learning matrix
and apply to any learning algorithm within the scope of the model. The conditions
rigorously describe when a mutated UG is su cien tly incompatible with the existing
UG to invade. Section 3.1 is a simplied proof for the caseof two highly symmetric
UGs, and Section 3.2 is the complete proof for general parameter settings. A brief
discussionof these results, including an example of accidenrtal stability, appearsin
Section 3.3. Finally, Section 4 draws some conclusionsand indicates directions for
further researd.

2. The model. Following[12, 11, 16, 18, 19|, we assumea large, well-mixed pop-

everyone speaksto everyone else,and that the lexicon is commonto all speakers. In
addition, reproduction will be modeled asexually, and we will ignore bilingualism.

The population asa whole is represertied by variablesxjk represerting the frac-
tion of the population with UKPthaﬁ, speaks G;. The sum of all segmers of the
population must total 100%,s0 , . Xjx = 1. Sinceeat x;x 0, the set of all
population statesis a simplex. The fractions of the population with Uk , denotedy ,
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are de ned as

Yk = XjK - (2.1)

W = XjK - (2.2)

The dynamicsare driven by a communication game. The payo matrix is denoted
B whereB;; isthe payo to a speaker of G; when interacting with a speaker of G; .
One would expect that the maximum payo occurs when both participants use the
samegrammar, so B ought to be diagonally dominant. As a concrete example, one
could considera communication gamewhere B;; is the probability that a speaker of
G; understandsa random sertence spoken by a speaker of G; . However, no particular
form of B is required in this paper.

Learning is modeled by a stochastic matrix Q where Q;jk is the probability
that a child of a speaker of G; endsup speaking G;, given thaTPboth have Uk . All
children are assumedto learn somelanguage,sofor all i and K, i Qijx = 1. Since
natural languagesare generally passedon successfullyit is typical to assumethat the
diagonal ertries Qjjx are closeto 1, although that assumptionis not required in this
paper. In other paperson languagedynamics[16, 11], the Q matrix is restricted to be
constart. Here,that restriction is not necessaryand Q may in fact dependon x and t.
We assumethat parents always passtheir UG to their children unchanged. Genetic
mutation is assumedto be rare, and will be introduced through discrete invasion
everts, that is, perturbations of the game dynamics.

As in [18], the languagedynamical equation for multiple UGs is

F =Bw;
=w'F=  wF;
i
X 2.3
XjK = FiXix Qij X jik @3)

i=1

X
= Xjk (Fj Qjjk )+ FiXix Qijk :
i8]

Each entry F; of the vector F represeits the averagepayo to a speaker of G;, given
that eadh G; is spoken by a fraction w; of the population. The basereproductive
rate for speakers of G; is tied directly to its payo F;. The average tness over the
whole population is given by . The secondform of the equation for x;x is perhaps
the easiestto explain, asit shows the resenblance to the standard replicator model
[6]. Roughly, the changein x;x is determined by how much the tness (or basic
reproductive rate) of G; exceedsthe population average . The remaining terms
involving Q represen imperfect learning.

The dynamical system (2.3) doesnot accourt for spatial and social structure of
the population, and the represenation of learning asa stochastic matrix ignoresmuch
of the complexity of true languageacquisition. However, it is simple enoughthat one
can hope for signi cant theoretical results. Alternativ e models include greater detail
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at the expenseof additional complexity, and the analysis of such simulations is often
limited to statistical results [1, 2, 10].

For the remainder of the paper, we assumethat there are two UGs with two
grammars ead. Thus, U; admits G; and G, and U, admits Gz and G4. We require
Xjx to be xed at 0if Ux doesnot admit G;, and the necessaryslots in Q must also
be zero, sofor example Q;.3.1 is zero becausechildren with U; cannot learn Gs.

Determining all possible behaviors of even the two UG systemin generalis an
extremely di cult problem, sowe focusonly onthosepopulation stateswhereinitially
everyone has the sameUG and the other UG attempts to invade. Section 3 poses
the question mathematically by examining population stateswhereyx = 1 ". An
attracting set [4] is a closed invariant subset of the phase space surrounded by a
neighborhood in which every trajectory tends to the set in forward time. If the
population tends badk to yx = 1, then the set of all states with yx = 1 forms an
attracting set, and Uk is stable againstinvasionby the other UG. Thusthe dynamics
of the yx variables will be crucial. Since Q is row stochastic, the expressionfor yg
simpli es considerably leaving just

Yk = Fixik Yk (2.4)

Remarkably, the Q matrix disappears. The learning processstill in uences the dy-
namics of yx in that it steersthe x;x . However, aswill be shown in Section 3, there
is the possibility that the overall behavior of the yx 's, and hencethe ewolutionary
stabilities of U; and U, can sometimesbe determined without referenceto Q. In
such cases,the B matrix alone determineswhether a UG is stable, and any learning
algorithm, even onethat dependson x and t, will yield the sameresult.

The curious reader is invited to read Chapter 5 of [17] for additional results in
more speci ¢ cases.

2.1. New coordinates. To analyze (2.3), we begin by changing coordinates so
that the behavior of the yk 's is more readily apparert. The original variables Xk
will be called simplex coordinates, and the phasespacewill be drawn asa pyramid as
in Figure 2.1. The corner points Xk represern extreme populations wherex;x = 1
and the other x's are 0. The following new variables will be called box coordinates:

X2;1 Xy,

r= ———>== 1 r 1
X2;1 + X1:1
X4 X3

g= X42 3,2; 1 s L (2.5)
Xa:2 + X3:2

Z=X11+X21=Y;0 z 1L

The balancebetweenG; and G; is represenied by r. Likewise,the balance between
Gs and G, is represented by s. Sincez = vy, it represerts the fraction of the popu-
lation with U;. Thesethree piecesof information are enoughto identify all possible
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population states. The reversechange of coordinates is:

ot = 1 r -
1;1 — 2 ’
ot = 1+r -
21 = ;
' 2
L s (2.6)
X3;2 = 5 1 2),
1+s
Xa;2 = > 1 2z

It is worth noting that the changeof coordinatesis singular: It expandsthe simplexin
Xjk coordinatesinto abox in (r;s; z) by blowing up the edgesX 1.1 X 2.1 and X3;2X 4;2
into squares,asillustrated in Figure 2.1.
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Fig. 2.1. The singular change of coordinates. (a): The planes given by r = 0O and s = 0 in
(r;s;z) or box coordinates. (b): The correspnding sets in simplex coordinates. Note that the top

edge of the simplex, where y; = 1, corresponds to a square in box coordinates. Similarly for the
bottom edge, where y; = 0.

3. Stabilit y conditions. The learning algorithm doesnot explicitly appear in
the time derivativ e of the sizeof the sub-population with a given Uk , shown in (2.4).
This obsenation motivates a seriesof calculations that yields su cien t conditions for
ewolutionary stability. These six inequalities may be easily interpreted in a number
of special cases thus building mathematical intuition for when evolutionary stability
occurs.

A simple calculation using (2.4) shows that yx = 1if yx = 0, sofor each K the
set of points whereyx = 1 is closedand invariant. These are the upper and lower
edgesof the simplex in Figure 2.1. To show that these edgesare attracting, we will
divide the simplex into three regions, one in which all populations tend toward the
top edgewhere U; takesover, one in which all populations tend toward the bottom
edgewhere U, takesover, and an intermediate region. To illustrate the argumen,

we rst analyze a casewith a highly symmetric payo matrix B, then generalizethe
argumert to the caseof generalB.

3.1. lllustration of the null-cline argument in the case of perm utation
symmetry . Toillustrate the argumert, considerthe casewhereall the grammarsare
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interchangeableas far asthe payo they generate,so

0 1
1 a a a
_Ba 1 a a§_
B = %a a 1 ah’ (3.1)
a a a 1

This symmetry simpli es the dynamical systemconsiderably There are two universal
grammars, sowe have two variables of interest, y1 = X1.1 + X2.1 and y, = Xz.2 + Xa4:2.
Sincey; + y, = 1, we needonly analyzethe behavior of y;. The following proposition,
describeshow the limiting behavior of y; is largely determinedby the initial population
state.

Pr oposition 3.1. The simplex contains two trapping regions which are inde-
pendent of the Q matrix: Trajectories for which y1(0) > 2=3 tend to y1 = 1, and
trajectories for which y1(0) < 1=3 tend to y1 = 0. In the region in between, the Q
matriz influences whether Y1 approaches 1 or 0.

Proof. We work in box coordinates. Obsene that y; = z, from which we may
calculate that

z=vy; = :—Zl(l a(l 2)z( 1 s*(1 2)+ (2+ rdz): (3.2)

To nd the Q-independert trapping regions,we rst look for the z null-clines. These
are the setsof points for which z = 0. From (3.2) it is clearthat z = 0 if and only if
z=0,z= 1,0r z= h(r;s) where

1+ &2

N9 e

The rst two casesare the upper and lower edgesof the simplex, and the third is a
surfacein the middle. SeeFigure 3.1. Thus, z is of one sign above the surfaceand the
opposite sign below. Looking at the vertical line givenby r = 0 and s = 0, we have
z= %z( 1+ z)( 1+ 2z) which is positive for z > 1=2 and negative for z < 1=2.

Therefore, the overall picture is that the simplex decomposesinto upper and lower
trapping regionsand a boundary regionin the middle. If atrajectory starts above the
topmost point of the z null-cline, then y; > 0, which meansy; will increaseover time
until it reachesy; = 1. Likewise,any trajectory that starts below the bottommost
point of the surfacewill continue downward until y; = O.

To nd the topmost and bottommost points, obsene that the surfaceis saddle
shaped, so the extrema will appear on the boundaries. Looking on the facesof the

box given by s = 1, we have h(r; 1) = 2=3 + r?) which has a maximum at
h(0; 1) = 2=3 and minima on the edgesat h( 1; 1) = 1=2. Likewise,looking on
the surfacesgivenby r = 1,wehaveh( 1;s)= 1 2=(3+ s?) which hasa minimum

at h( 1;0) = 1=3. Furthermore, it has maxima on the edgesat h( 1; 1) = 1=2.
Therefore, if either universal grammar holds a 2=3 majorit y of the population, it will
evertually take over regardlessof the Q matrix. O

In the boundary region near the z null-cline, many orbits obey the simple rule
that if they start above the surface,they approach y; = 1 and if they start below,
they approac y; = 0. However, orbits may passthrough the surface horizontally,
thereby starting aboveit but corvergingto y; = 0 or starting below it but converging
to y; = 1. For example, Figure 3.2 shows the valuesof y; and y, starting from a point
just above the z null-cline for which y; ! 1. Howevwer, a nearby initial condition
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producesthe trajectories in Figure 3.3, where y; passeshorizontally through the z
null-cline and turns downward.

The actual surfacedividing orbits that goto y; = 1 from thosethat gotoy; = 0
dependson Q. For example,it might be the stable manifold of a saddlepoint in the
middle of the simplex, or perhaps something more complicated.

X11

X3.2

Fig. 3.1. The upended simplex and z null-cline.

Fully symmetric case, 2 UGs, 4 Grammars
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Fig. 3.2. Trajectories starting from xi1.1 = 57=160 = 0:35625 x2.1 = 19=160 = 0:11875,x3.2 =
X4:2 = 21780 = 0:2625 which lies just above the z null-cline.

The proposition implies that in this case,the learning algorithms employed by
the two universal grammars and speci ed by Q are largely irrelevant to determining
which universal grammar takesover the population. As long as a certain majority of

7



Fully symmetric case, 2 UGs, 4 Grammars
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Fig. 3.3. Trajectories starting from xi1;1 = 7=20 = 0:35;x2:1 = 7=60 = 0:116;X3.2 = X4;2 =
4=15 = 0:26. Here, the trajectory passes through the z null-cline, and y; increases, reaches a
maximum, then turns downward and tends to 0. The parameters are the same as in Figure 3.2.

the population usesone universal grammar, it will be evolutionarily stable.

3.2. Null-cline argument in the general case. In this section, we extend
the null-cline argument of Section 3.1 to the caseof fully generalB and Q matrices.
We rst nd sucient conditions under which the null-cline does not intersect the
top and bottom edgesof the simplex. This guaranteesthat there are regionsthat lie
completely aboveor belowit. Secondwe nd acondition that implies that tra jectories
above the surfacemove upward, and those below it move downward, thereby assuring
that the top and bottom edgesare attracting sets.

We will allow the B matrix to be completely general, with ertries b . In what
follows, more conciseexpressionsresult if the following parameters are used instead
of the erntries of B:

0= 201+ b+ by + ) 1= o(n b byt )
2= 2t by b by) 5= 201 bt ba by)
0= (bis + bua + bys + bya) T
2= S+ b b ba) 5= s bt b b
0= (s + by + by + biy) -
2= %(Ql*‘ bz by ba2) 3= %(bﬂ bso + bay  ba2)
0= (s + bua + b+ bua) T
2= st by hus bua) 5= ot but b bua)



We will work in box coordinates again, asde ned in (2.5). After simpli cation,

z= %( 1+ 2)zg(r;s;z); (3-3)
where
g(r;s;z) =2 ot o+r2+s(3 2 3) z(o o ot o)
rsi+rz( 2+ 3 2 3) sz( s+ 2 2 3) (3.4)

2

+8% 1+rsz( 1+ 1) r?z, s%z,

The factorized form (3.3) shows that there are three z null-clines: the top (z = 1),
the bottom (z = 0), and the surface determined by g(r;s;z) = 0. This surface will
be called the interior z null-cline. The goal of this sectionis to determine su cien t
conditions on B sud that the interior z null-cline createstrapping regionsaround the
top and bottom edgesof the simplex.

3.2.1. Step 1: The non-in tersection constrain ts. The rst condition is that
the interior z null-cline must not touch the top and bottom, implying that there is
somespacebetweenthe vertical extrema of the surfaceand the top and bottom edges
of the simplex. SeeFigure 3.4 for an example.

Blw DR = D
Bl Ll e N [ [OV]
[ B N TR NI

1
1
2
3
i
1
2

Fig. 3.4. The interior z null-cline in simplex coordinates (left) and box coordinates (right).
The asymmetric B matrix used to generate these pictur es is as shown.
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Pr oposition 3.2, Suppose the following expressions are all strictly positive:

=43(0 ot 2) (1 3+ 2+ 3)°

=41(o0 o 2) (1%t 3 2 3)°

=
|

N
|

(3.5)
3=41(0 o+ 2) (2% 3+ 1 3)°
4=4 (0 o 2) (2% 3 1 3
and also that
0 0> 0and o o> 0: (36)

Then, the interior z null-cline lies strictly between the top and bottom of the simplex
at a strictly positive distance from each.

Proof. The mathematical formulation of the conclusionin box coordinates is that
if 1 r land 1 s 1,theng(r;s;0)6 0andg(r;s;1) 6 0. We proceedby
proving that g is of one sign on the bottom plane z = 0, and also of one sign on the
top plane z = 1. We must add the technical assumptionsthat ; and ; are nonzero
to eliminate somedegeneratecasesthat would causedivision by zeroin what follows.
These assumptionsare harmless,as 1 and » cannot possibly be positive if 1 = 0,
and 3 and 4 cannot possibly be positiveif ;= 0.

For the bottom, we are interested in g(r;s;0); which happensto be a quadratic
form in r and s, sothe equation g(r; s;0) = 0 must de ne a conic sectionin the plane
z = 0. To classifyit, we completethe squarein r and s and changevariablesto and

soasto put it in a standard form:

221+ (3 2 3 21).
r= y :
1

+

(72}
1
e I

With these new variables, the equation g(r; s;0) = 0 becomes

2002 20 21+ 120 3t 2+ 3)
7
1

21%+2,%=0

which is the form of a hyperbolain and . If it happensthat ; = 0, then the above
changeof variablesis not applicable, and the curve turns out to be a parabola. Either

way, if we want to specify that the interior z null-cline doesnot touch the bottom, it

is su cien t to require that the curve speci ed by g(r;s;0) = 0 lies outside the square
givenby 1 r land 1 s 1. For apicture of an example of this curve, see
Figure 3.5. That constraint is equivalent to requiring the expressiong(r;s;0) to be
of one sign on the sidesof the square. To avoid having two separatecases(g > 0 or
g < 0), we transform the constraint by dividing g(r;s;0) by the coe cien t of s?> and
requiring the resulting expressiongy(r; s) to be positive on the sidesof the square:

otr 2+ o S(r 1 3t 2+ 3).
1 1

B(r;s) = s+ (3.7)

(SeeFigure 3.6.)
Note that on the sideswherer = 1, the expressionsg( 1;s) are quadratic in s,
and open upward becausethe coe cien t of s? is 1. So,to guarantee that g(r;s) > 0
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-4 2 0 2 4

Fig. 3.5. Contour plot of g(r;s;0). The light hyperbola is g(r;s;0) = O, that is, the curve
where the interior z null-cline intersects the plane z = 0. For other points, dark shading indic ates
a negative value of g(r;s;0) and lighter shading indic ates a positive value. The square is the bottom
face of the phase space. See Figure 3.4 for the particular B used in this il lustration. This is where
we have to think outside the box.

1

Fig. 3.6. Plot of g2(r;s), which diers by a constant factor from g(r;s;0), using the same B
as in Figure 3.4. The region shown is the phase space in box coordinates. Observe that the surface
intersects with two faces of the phase space in parabolas, and with the other in lines.
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on these two sides, it suces to require that the minima of g,( 1;s) be positive.
The minimum of a general quadratic function x? + ax + bis b a?=4, sothe exact
constraints are

4( o+ 2+ 0) 1+ (1 3+ 2+ 3)2>

min 0(1;8) = 47 0;
. 4( o+ + + 2
mslngz( 1) = (o+ 2 01 4(21 3 2 3) > 0
1

Both denominators are square, so only the numerators matter in satisfying the in-
equalities. We therefore simplify the constraints to the rst two inequalities in the
statemert of the proposition, namely ; > Oand ;> 0.

Obsene that if theseconstraints are satis ed, then g,(r;s) > 0 on all four corners
of the square. With that obsenation, the sideswheres = 1 are easyto ched, as
g2(r; 1)isalinear function of r, and it is therefore enoughto require that g,(r;s) > 0
on the corners. In summary, if 3 > 0and , > 0, then g is of one sign on all four
sidesof the bottom squarein box coordinates, and therefore, the z null-cline doesnot
intersect the bottom of the simplex.

The constraint that the interior z null-cline cannot intersect with the top of the
simplex can be enforced by imposing a secondset of inequalities similar to those
discovered above. Again, the equation for where the null-cline intersectsz = 1 is
o(r;s;1) = 0 which de nes a hyperbola in the plane z = 1 in terms of r and s.
To specify that the null-cline does not touch the top edgeof the simplex, it su ces
to require that this hyperbola lie outside the squarein box coordinates given by

1 r 1and 1 s 1. As before,we ensurethis by requiring g(r;s;1) to be of
onesignon all four sidesof the square. Equivalertly, we de ne gs(r;s) to be g(r;s;1)
divided by the coe cien t of r?, and require gs(r;s) to be positive on all four sidesof
the square. The expressionfor gs is

0 o+tsS2 r(2+ 3+s 3).

1 1

gs(r;s) = r*+ (3.8)

Furthermore, gs(r; 1) are monic quadratic functions of r, soit suces to require
that their minima be positive, which yields

4 1( o0 ot 2+ (2% 3+ 1 3)?

mrin gs(r;1) = 272 > 0
. 4 + o+ + + 2
minga(r; 1)= 1 ot o 2)4 2( 2+t 3 1 3) o
1

As before, the denominators are all square, so only the numerators matter, and the
constraints reduceto 3 > 0 and 4 > 0. Theseimply that g is of one sign on the
top of the phasespacein box coordinates, and that the z null-cline doesnot intersect
with the top of the simplex.

The nal two constraints in the statemert of the proposition are there to ensure
that the interior null-cline lies inside the simplex rather than completely above or
below it, and are derived as follows. Choosez sud that g(0;0;z) = 0, that is, the
point at which the null-cline intersectsthe vertical line givenby r = O and s = 0O:

0 0
zZ= : 3.9
0 ot o 0 (39
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A short calculation provesthat the constraints ¢ o> 0and o o > 0 imply
0 < z < 1; which guaranteesthat the null-cline lies completely inside the simplex.

It turns out that g(r;s;z) = 0 can actually be solved in terms of z, and the
resulting solution z = h(r;s) is the quotient of two polynomials in r and s. Under
the constraints derived in this proposition, h must be boundedfor 1 r 1 and

1 s 1, which meansits denominator never vanishes. Therefore, h is continuous,
and since the region of interest for r and s is a closedsquare, h actually takeson
its extreme values. It follows that there is a strictly positive distance between the
null-cline and the top and bottom of the simplex. O

3.2.2. Step 2: Direction of the vector eld. Now we must show that z> 0
abovethe interior z null-cline, and z < 0 below it. This claim implies that trajectories
that passabove the uppermost point on the null-cline cortinue to rise, and those that
passbelow the lowermost point corntinue to fall, thereby establishing the existenceof
the two trapping regions.

Pr oposition 3.3. Assume that the interior z null-cline is strictly between the
top and bottom edges of the simplex, and that o 0>0and o o> 0: Then there
are trapping regions above and below the null-cline.

Proof. The null-clines are by de nition the setof points wherez = 0, soin regions
betweenthem, z is of onesign. It therefore su ces to show that for somepoint above
the interior null-cline, z > 0, and for somepoint below it, z < 0. Considerthe vertical
line givenby r = 0 and s = 0, asillustrated in Figure 3.7. Along this line,

Fig. 3.7. The z null-cline in box coordinates with the line r = 0;s = 0 indic ated by a bar. The
B matrix used for this pictur e is the same as in Figure 3.4

. 1
Z=0:s=0 = 5( 1+2)z( o+2z( ot ot o o)t o)
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That is, z is a cubic function f (z) along this vertical line, asin Figure 3.8. We need

0.01 |

0.005

0.2 0.4 0.6 0.8 1
-0.005

-0.01

f(2) = 2= 50

Fig. 3.8. The vertical component of the vector eld along the central vertical line in Figure 3.7

only require that f%0) < 0 to ensurethat z is negative below the null-cline and
positive above it, which is equivalent to the inequality

0 O<p (3.10)

0) = <

Equivalertly, we may require that f 1) < 0, which yields the inequality

0 _Y<p (3.11)

o) =

Both of theseinequalities follow immediately from the hypotheses.O

3.3. Discussion. What makesthesetwo propositions possibleis the fact that
Q is row-stochastic, so that it disappearsin yx in (2.4). The samewould happen
if Q dependedont or x. The trapping regions described in Propositions 3.2 and
3.3 are also independert of Q. Thus, for any collection of grammars that satis es
the hypothesesof these propositions, as long as one of the universal grammars has
a su cien tly large majority of the population, it will take over no matter what the
learning algorithm, static or dynamic. Although thesepropositions do not rule out the
possibility of stable coexistence,they do provide conditions under which homogeneous
populations are stable against invasion by the other UG.

Here is some intuition concerning the constraints in Proposition 3.2. Let us
consider ;. If the greatest payo occurs when two people with the samelanguage
interact, then the payo matrix B should be diagonally dominant, which implies that

1> 0. The parameter g is the sum of payo s to individuals with U; when speaking
to individuals U,. The parameter ¢ is the sum of payo s to individuals with U, when
speaking to others with U,. Soroughly, 1 > 0 meansthat o o is large, which
meansthat U, receivesa greater payo when interacting with U, than U; does. That
agreeswith the conceptof evolutionary stability.

We may also examine some more specic forms of the B matrix to seewhat
payo s lead to stable UGs. For example, considerthe question of two very di erent
UGs, where G; and G, do not communicate well with G3 and G4. The payo matrix
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for sud a situation might look like this:

Bai =%§ ¢ c ;g: (3.12)

wherecisrelatively large," is small, and a is in between. For a picture, seeFigure 3.9.
The constraints simplify greatly in this case:

1= 2= 3= 4=4(c a(c+a 2,

o o= o o=atc 20

Clearly, if " is small enough,then all six constraints are positive. Therefore, the two
UGs are stable againstinvasionby eac other no matter what their learning processes
are.

X32

Fig. 3.9. Null-cline for the case of two very dier ent UGs, using the payo matrix By with
c=1 a= 1=2, and " = 1=8. Left: Phase space in simplex coordinates. Right: Phase space in box
coordinates.

On the other hand, considerthe caseof two very similar UGs, where G;  Gg3
and G, G4. The payo matrix for this example might look like this:
1
c a @ "Mec @ Ma
- a c @ Ma (1 ")C§ .
Bsim = %(1 "lc (1 "Ma c a ' (3.13)
@a Ma @ " a c

The constraints simplify to

1= 2= 3= 4 (c a? 2@%+2ac 32" (a 2%

and

o 0= o o=(atO"
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If " is small enough,then 1, ,, 3 and 4 are dominated by (¢ a)2 which is
negative, implying that the null-cline might intersect with the top and bottom of the

phasespaceasillustrated in Figure 3.10. Propositions 3.2 and 3.3 do not apply, soit

is possiblethat one UG might be able to invade the other, and the learning process
is critical to understanding the long-term behavior of the system.

b
" W

N

[
00,.,

\

Fig. 3.10. Null-cline for the case of two very similar UGs, using the payo matrix Bgjy, with
c=1 a= 1=2, and " = 1=32. Left: Phase space in simplex coordinates. Right: Phase space in box
coordinates, with planes z = 0 and z = 1 indicated. Note that the null-cline intersects with these
planes within the phase space.

The caseof similar grammars leadsto a remarkable situation called accidental
stability, illustrated by the 3-D phaseportrait in Figure 3.11. This is a caseof two
similar UGs where G; Gz and G, G4, SOt is no surprise that the two UGs
can invade one another. What is surprising is the medanism. Consider an initial
population whosememnbers all have U;. These states are all on the top edgeof the
simplex and remain on that line unless subject to an external perturbation. Suc
a population will tend to one of the two xed points on the top edge,one of which
is dominated by G; and the other by G,. The xed point dominated by G; is a
stable sink, and if U, tries to invade that population, it will fail. Howewer, the xed
point dominated by G, is a saddle, and if U, tries to invade that population, the
invasion succeeds,U, takes over completely, and the population tends to the sink
on the bottom edgeof the simplex dominated by G4. The initial state of the all-U;
population determineswhether a later invasionby U, succeedsor not, and that initial
state is essetially random. Hence,this instance of the languageequation is sensitive
to historical acciderts.

4. Conclusion. For arangeof valuesof the payo matrix in the communication
game,genetically homogeneougpopulations are evolutionarily stable. Roughly, a large
di erence in the languagesadmitted by two UGs causesthem to be stable against
invasion by ead other. This fact has signi cant consequencegor the ewolution of
UG: The bene ts of communicating with the rest of the population limit ewolution
to innovations that are fairly compatible with the existing UG. Other potentially
bene cial mutations are likely to die out beforetheir bene ts can be realized. In the
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Fig. 3.11. A 3-D phase portr ait showing accidental stability. The boundary of the simplex is
indic ated by glassy rods, and xe d points are indic ated by metallic spheres. The gur e's shadow is
visible on the left.

caseof very similar UGs, ewolutionary stability cannot be assuredjust by constraints
on the payo matrix. The initial conditions and learning algorithms of the di erent
UGs can determine the outcome.

These mathematical results suggestthat one should be especially careful when
formulating hypothesesabout the origins and genetic history of human language.
Speci cally, mutations leadingto linguistic innovations must be reasonablycompatible
with the establishedlanguageand UG to have any chance of taking over. Even then,
historical accidert and properties of the learning processin uence the outcome. As
the propositions and examplesexplored in this paper show, the relative tness of one
UG with respect to another is di cult to de ne, and any potential de nition must be
parameterizedby the linguistic ernvironment: Since UGs are metastrategies,they are
one level removed from the payo, sothe particular mixture of languagespresert in
a population may determine whether or not a mutation diesout or spreads.

This researd could be extendedin a number of directions. A discrete stochastic
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model of a nite population might shedlight on the question of how likely it is for a
mutation in UG to spread. The results of Section 3 are independen of the learning
algorithm, and give no indication of how the acquisition processmight change over
time. Thus, it would be informativ eto study casesf the model for two UGsthat di er
only in their learning algorithm. Also, the linguistic environment could be modeled
in more detail, including features such as noisy linguistic data and social and spatial
structure.
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